Abstract. Motivated by the foliation by stable spheres with constant mean curvature constructed by Huisken-Yau, Metzger proved that every initial data set can be foliated by spheres with constant expansion (CE) if the manifold is asymptotically equal to the standard [t = 0]-timeslice of the Schwarzschild solution. In this paper, we generalize his result to asymptotically flat initial data sets and weaken additional smallness assumptions made by Metzger. Furthermore, we prove that the CE-surfaces are in a well-defined sense (asymptotically) independent of time if the linear momentum vanishes.
Introduction
Motivated by an idea of Christodoulou and Yau [CY88] , Huisken-Yau proved that every Riemannian manifold is (near infinity) uniquely foliated by stable surfaces with constant mean curvature (CMC) if it is asymptotically equal to the (spatial) Schwarzschild solution and has positive mass [HY96] . Their decay assumptions were subsequently weakened by Metzger, Huang, Eichmair-Metzger, and the author [Met07, Hua10, EM12, Ner14a] . Furthermore, the author proved that asymptotic flatness is characterized by the existence of such a CMC-foliation [Ner14b] . HuiskenYau's idea to use foliations by 'good' hypersurfaces was picked up by Metzger who proved that every initial data set, which is asymptotically to the standard [t = 0]-timeslice in the Schwarzschild solution, can (near infinity) be foliated by spheres of constant expansion (CE) and that these CE-surfaces are unique within a welldefined class of surfaces [Met07] . He motivated the CE-foliation among other things as foliation adapted to the apparent horizons which have zero expansion and that CE-surfaces are the non-time symmetric analog of CMC-surfaces.
Note that the CMC-and the CE-foliation are not the only foliations used in the mathematical general relativity: For example, Lamm-Metzger-Schulze achieved corresponding existence and uniqueness results for a foliation by spheres of Willmore type [LMS11] and (in the static case) Cederbaum proved that the level-sets of the static lapse function foliate the timeslices (near infinity) [Ced12] . However, we will only use the CMC-and the CE-foliations in this paper.
To explain Metzger's assumptions for his existence theorem for the CE-foliation, let us first recall that an initial data set is a tuple (M, g , k, J, ) satisfying the Einstein constraint equations 1 (1) 2 = S − k
Here, (M, g ) is a Riemannian manifold, k is a symmetric (0, 2)-tensor, J a (0, 1)-tensor, and a function on M. This is motivated by a three-dimensional spacelike hypersurface (M, g ) within a Lorenzian manifold ( M, g ) with Einstein tensor G, the second fundamental form k of (M, g ) → ( M, g ), its energy density . .= G(ϑ, ϑ), and the momentum density J . .= G(ϑ, ·), where ϑ is the future pointing unit normal of (M, g ) → ( M, g ). If the surrounding Lorentzian manifold satisfies the Einstein equations G = Ric − 1 2 S g , then the Gauß-Codazzi equations of M → ( M, g ) are equivalent to the constraint equations (1).
In this notation, Metzger assumed asymptotic to the standard [t = 0]-timeslice of the Schwarzschild solution, i. e. the existence a coordinate system x : M \ L → R 3 \ B 1 (0) mapping the manifold (outside of some compact set L) to the Euclidean space (outside of a closed unit ball), such that the push forward of the metric g is asymptotically equal to the Schwarzschild metric S g as |x| → ∞. More precisely, he assumed that the k-th derivatives of the difference g ij − S g ij of the metric g and the Schwarzschild metric S g decays in these coordinates like |x| −1−ε−k for k ≤ 2.
2 This is abbreviated with g − S g = O 2 (|x| −1−ε ). He furthermore assumed that the second fundamental form k decays sufficiently fast, i. e. k = O 1 (|x| −2 ), and that the corresponding constant is sufficiently small, i. e. |k ij | ≤ η /|x| 2 for some small constant η 1 and correspondingly for the first derivative. He motivated this point-wise assumption by the fact that at least in a specific example this foliation only exists for sufficiently small second fundamental form. However, this example of a second fundamental form is solely controlled by an integral quantity: the ADM-linear momentum defined by Arnowitt-Deser-Misner [ADM61] . In the last paragraph of [Met07] , Metzger clarifies that (in the general setting) this foliation is nevertheless not characterized by the ADM-linear momentum (or the ADMmass), i. e. smallness of the linear momentum is (in general) not sufficient to ensure existence of the CE-foliation.
The first main result of this paper is the existence of the CE-foliations under weaker decay assumptions on the metric. Furthermore, we only assume that the second fundamental form is of order |x| −2 , has asymptotically vanishing divergence J = div(H g − k) = O 0 (|x| −3−ε ), and need only additionally 'smallness' for some integral-quantities of k.
3 Here, we only state a simpler, less general version -see Theorem 3.1 for the more general version.
Corollary 1 (Existence of CE-foliation -special case of Theorem 3.1) Let (M, g , k, J, ) be a C -asymptotically flat initial data set' is explained in Definition 1.3, while the other assumptions are explained in Theorem 3.1. We note 2 In fact, he assumed this decay in a more geometric way: g − S g = O 0 (|x| −1−ε ), Γ ij k − S Γ ij k = O 0 (|x| −2−ε ), and Ric ij − S Ric ij = O 0 (|x| −3−ε ) for some ε > 0, where we used the notation explained in Section 1. Actually, he also allowed ε = 0 if the corresponding constant is sufficiently small. 3 Note that we can alter the assumptions on k, see Remark 3.2.
that the corresponding theorem is true for a temporal foliation (see Definition 1.4) instead of an initial data set, i. e. every asymptotically flat temporal foliation of a four-dimensional Lorentzian-manifold can be foliated (near infinity) by surfaces with constant expansion with respect to the corresponding timeslice (Theorem 3.3).
As Metzger, we also get a uniqueness result for the CE-spheres (Theorem 3.4). Again, we give a simple version -see Theorem 3.4 for the general version.
Corollary 2 (Uniqueness of CE-surfaces -special case of Theorem 3.4) Let (M, g , x, k, J, ) satisfy the assumptions of Corollary 1. Let Σ 1 , Σ 2 → M be CE-surfaces satisfying (specific) estimates. If Σ 1 and Σ 2 have the same, sufficiently small expansion, then they coincide.
The precise formulation of the '(specific) estimates' can be found in Theorem 3.4. Furthermore, we can again reduce the assumptions on the initial data set -see Theorem 3.4.
Finally, we study how these CE-surfaces evolve in time under the Einstein equations (Theorem 4.1): We prove that the CE-spheres are in a well-defined sense (asymptotically) independent of time if the ADM-linear momentum vanishes. This is to be expected as the author proved that the CMC-leaves (asymptotically) evolve in time by translating in direction of the fraction of the (ADM) linear momentum and the (ADM) mass [Ner13, Theorem 4.1] and the CE-spheres are asymptotically just shifts of the CMC spheres (due to the results in Section 3) -and it seems appropriate to assume that this shift is (asymptotically) independent of time. To the best knowledge of the author, this is the first time that any evolution result is proven for the CE-leaves. Theorem 4.1 implies the following (more descriptive) corollary. Acknowledgment. The author wishes to express gratitude to Gerhard Huisken for suggesting this topic and many inspiring discussions. Further thanks is owed to Lan-Hsuan Huang for suggesting the use of the Bochner-Lichnerowicz formula in this setting (see Proposition 3.9). Finally, thanks goes to Carla Cederbaum for exchanging interesting thoughts about CMC-and CE-foliations and about the interpretation of the integral quantities (see (16), (17), and Proposition 3.15).
Structure of the paper and main proof structure
In Section 1, we fix the notations and basic assumptions made in this paper. Note that our assumptions on the decay of the second fundamental form is more restrictive than the one used in parts of the literature, e. g. [Ner13, Hua10] , but less restrictive than other others, e. g. [CK93, Met07] . In Section 2, we characterize the linearization of the map mapping a function to the expansion of its graph. Furthermore, we explain one of the main ideas of the following proofs. The existence and uniqueness theorems are stated in full detail and proven in Section 3. In the last main section (Section 4), we state and prove the evolution theorem.
As our main proof structure for the existence and uniqueness theorems is the same as the one used by Metzger 
for every r > r 0 and any p > 2, where ( We use the same approach, but replace three main arguments:
• as we know that the CMC-foliation of (M, g , x) exists [Ner14a, Thm 3.1], we can fix the metric g instead of using the above family of metric { τ g } τ ;
4
• we get the cruical estimate for the distance of τ σ Σ to the coordinate origin by estimating its τ -derivative (see the Lemmas 3.11 and 3.12);
• to conclude the invertibility of the Fréchet derivative explained above, we use the Bochner-Lichnerowics formula and smallness of specific integral quantities of k instead of the concrete form of the Ricci-curvature of the Schwarzschild metric and the pointwise smallness of k (see Proposition 3.9).
Assumptions and notation
In this section, we describe the notations and decay assumptions used in this paper. The notations used are the same as used by the author in [Ner13, Ner14a] . The assumptions on the Riemannian manifold are identical to the one e. g. described in [Ner14a, Sec. 1]. The assumptions made on the other quantities of the initial data set (respectively temporal foliation) are described in Definition 1.3 (respectively Definition 1.4).
In order to study temporal foliations of four-dimensional spacetimes by threedimensional spacelike slices and foliations (near infinity) of those slices by twodimensional spheres, we will have to deal with different manifolds (of different or the same dimension) and different metrics on these manifolds, simultaneously. To distinguish between them, all four-dimensional quantities like the Lorentzian spacetime ( M, g ), its Ricci and scalar curvatures Ric and S, and all other derived quantities will carry a hat. In contrast, all three-dimensional quantities like the spacelike slices (M, g ), its second fundamental form k, its Ricci, scalar, and mean curvature Ric, S, and H . .= tr k, its future-pointing unit normal ϑ, and all other derived quantities carry a bar, while all two-dimensional quantities like the CMC leaf (Σ, g ), its second fundamental form k, the trace-free part of its second fundamental form k
2 (trk)g , its Ricci, scalar, and mean curvature Ric, S, and H = trk, its outer unit normal ν, and all other derived quantities carry neither.
In Sections 2 and 4, the upper left index denotes the time-index t of the 'current' timeslice. In Section 3, it denotes the weight b. The only exceptions are the upper left indices e and S which refer to Euclidean and Schwarzschild quantities, respectively.
If different two-dimensional manifolds in one three-dimensional initial data set (M, g , k, J, ) are involved, then the lower left index always denotes the radius R or curvature index σ of the current leaf σ Σ, i. e. the leaf with expansion σ H ± σ trk = −2 /σ, where ± ∈ {−1, +1} always denotes a fixed sign. Furthermore, the twodimensional manifolds and metrics (and other quantities) 'inherit' the upper left index of the corresponding three-dimensional manifold. We abuse notation and suppress these indices, whenever it is clear from the context which metric we refer to.
Here, we interpret the second fundamental form and the normal vector of a hypersurface as quantities of the surface (and thus as 'lower'-dimensional). For example, if t M is a hypersurface in M, then t ϑ denotes its unit normal (and not t ϑ). The same is true for the 'lapse function' and the 'shift vector' of a hypersurfaces arising as a leaf of a given deformation or foliation.
Finally, we use upper case Latin indices I, J, K, and L for the two-dimensional range {2, 3} and lower case Latin indices i, j, k, and l for the three-dimensional range {1, 2, 3}. The Einstein summation convention is used accordingly.
As mentioned, we frequently use foliations and evolutions. These are infinitesimally characterized by their lapse functions and their shift vectors. 
The decomposition of ∂ σ Φ into its normal and tangential parts can be written as
where σ ν is the outer unit normal to σ Σ, and σ β ∈ X( σ Σ) is a vector field. The function σ u : σ Σ → R is called the lapse function and σ β is called the shift of Φ.
If Φ is a diffeomorphism (resp. diffeomorphism onto its image), then it is called a foliation (resp. a local foliation).
In the setting of a Lorentzian manifold ( M, g ) and a non-compact, spacelike hypersurface M ⊆ M, the notions of deformation, foliation, lapse α, and shift β are defined correspondingly.
As there are different definitions of 'asymptotically flat' in the literature, we now give the decay assumptions used in this paper. To rigorously define these and to shorten the statements in the following, we distinguish between the case of a Riemannian manifold, the one of a initial data set, and the one of a temporal foliation. 
holds for some constant c ≥ 0, where e g denotes the Euclidean metric. ArnowittDeser-Misner defined the (ADM-)mass of such a manifold (M, g , x) by
where R ν and R µ denote the outer unit normal and the area measure of S
In the literature, the ADM-mass is characterized using the curvature of g : -asymptotically flat manifold [MT14] . 5 We recall that this mass is also characterized by
This can be seen by a direct calculation using the Gauß equation, the Gauß-Codazzi equation, and the decay assumptions on metric and curvatures. Here, m H (S 2 R (0)) denotes the Hawking-mass which is for any closed hypersurface Σ → (M, g ) defined by
where H and µ denote the mean curvature and measure induced on Σ, respectively [Haw03] . 
holds in the coordinate system x. In this setting, the second fundamental form k vanishes C 1 2 -asymptotically and C 0 2+ε -asymptotically anti-symmetric if additionally
respectively. 
Here, the corresponding second fundamental form t k, the energy-density t , and the momentum density 
respectively, where t ϑ is the future-pointing unit normal to t M. If the constants t c of the above decay assumptions can be chosen independently of t, then the temporal foliation is called uniformly C Remark 1.5 (Weaker decay assumptions). We note that all the following results remain true in the case that the above decay assumptions are only satisfied for |x| f (|x|) instead of |x| −ε , i. e. if we replace the right hand side of (2), (4), and (5) by |x| 1 2 f (|x|), where f ∈ L 1 ((1 ; ∞)) is some smooth function with |x| f (|x|) → 0 for |x| → ∞.
7 Furthermore, we can replace our pointwise assumptions by Sobolev 6 Here, the orthogonality of ∂t|t M to t M is in fact not an additional assumption, as any coordinate system (t, x) can be deformed (using flows in direction of ∇t) such that this orthogonality holds for the new coordinate system. 7 Furthermore, we have to assume 0 ≥ f (|x|) ≥ −1 /|x|, but if the above assumptions are satisfied for some f , then there exists af satisfying the above assumptions and this additional assumptions. 
where e µ denotes the measure induced on Σ by the Euclidean metric e g (with respect to x).
As it results in additional technical difficulties, we note that we cannot restrict ourselves to 'really' asymptotically concentric surfaces, i. e. C 1 (0)-asymptotically concentric surfaces, as the CMC-surfaces used in this work are not necessarily within this class [CN14] .
Finally, we specify the definitions of Lebesgue and Sobolev norms, we will use throughout this article.
Definition 1.7 (Lebesgue and Sobolev norms)
For every compact two-dimensional Riemannian manifold (Σ, g ) without boundary, the Lebesgue norms are defined by
where T is any measurable function (or tensor field) on Σ and µ denotes the measure induced by g . Correspondingly, L p (Σ) is defined to be the set of all measurable functions (or tensor fields) on Σ for which the L p -norm is finite. If r . .= |Σ| /4π denotes the area radius of Σ, then the Sobolev norms are defined by
where k ∈ N ≥0 , p ∈ [1 ; ∞], and T is any measurable function (or tensor field) on Σ for which the k-th (weak) derivative exists. Correspondingly, W k,p (Σ) is the set of all functions (or tensors fields) for which the W k,p (Σ)-norm is finite. Furthermore,
Pseudo stability operators of the expansion
In this section, we assume that ( M, g ) is a Lorentzian manifold and that t is a smooth regular function on M such that its level sets
-asymptotically flat temporal foliation (for some ε > 0) -with respect to a fixed chart x. 8 In particular, every level set ( J) is a three-dimensional initial data set, where we used the same notation as in Definition 1.4. Furthermore, let Σ → M be a smooth, closed hypersurface in one of the timeslices M . .= t0 M.
The (conventional) stability operator L of Σ → M is well-understood. It can be defined as the linearization of the mean curvature map
at f ≡ 0, where H ( graph ν f ) is the mean curvature of
with respect to the surrounding metric g . Here, exp p denotes the exponential map of M at a point p ∈ Σ. This graph is a well-defined closed hypersurface if Σ is smooth and f lays in some well-defined L 2 (Σ)-neighborhood of zero (depending on Σ and M). In particular, the (conventional) stability operator is well-defined for every smooth, closed hypersurface Σ → M and it is well-known that it is characterized by
As we want to construct surfaces with constant expansion H ± trk (and not with constant mean curvature), it is intuitive to replace the mean curvature map by the 'expansion map'
as it was already done by Metzger [Met07] 9 , where ± denotes a fixed sign and (H ± trk)( graph ? f ) denotes the expansion of the graph of f in 'some direction' -in the mean curvature case (6), this direction was the spatial direction ν. We recall that the expansion is the mean curvature of this graph within its future (or past) expanding light-cone and that it is given by the mean curvature H of this graph within (the corresponding) timeslice M plus (or minus) the two-dimensional trace of the second fundamental form k of (the corresponding) timeslice M in M. In this case, there are multiple 'intuitive directions' in which the graph can be constructed. In this section, we characterize two of these (by linear combination this is sufficient for any direction):
First, we linearize this map 'within M', i. e. linearize the spatial expansion map
where graph ν f is as defined in (7), i. e. the same graph as used in the above case of the (conventional) stability operator. To the best knowledge of the author, this was first done by Metzger [Met07] . We denote this pseudo stability operator by L ± . It should be noted that L ± does not arise as a second variation of the area operator 8 In fact, we do not need asymptotically flatness in this section, but only that t M are spacelike hypersurfaces foliating M smoothly.
9 Note that Metzger considered graph ν f , i. e. the graph in spatial direction.
f → | graph ν f | as the (conventional) stability operator does. The reason for this is that the first the variation is done in null-direction (resulting in H ± P) and the second one in spatial-direction. This operator has been studied in more detail by Andersson-Mars-Simon, Andersson-Metzger, Andersson-Eichmair-Metzger, and others, see [AMS05, AM09, AEM11] and the citations therein.
Second, we linearize the corresponding map in time direction, i. e. linearize the temporal expansion map
Here, exp p and expp denote the exponential map of M at a point p ∈ Σ and at a pointp ∈ M, respectively. This means in particular that the mean curvature and second fundamental form k of (H ± P)(f ) at a point p ∈ Σ are calculated with respect to the metric and second fundamental form offM.
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The linearization of (H ± P) ϑ is denoted by L 
be a smooth, orthogonal foliation-compatible deformation of a closed hypersurface
. Suppressing the indices t 0 and σ = 0, the tensor identities
Proof. The first identity (10) was proven by the author in [Ner13, Prop. 3.7] . By the well-known identity for the (conventional) stability operator in the Lorentzian case, we know
Thus, the identity (11) is proven. Furthermore, the Codazzi equations
This proves (12). It is well-known that for any hypersurface M → M the identity
holds and this is equivalent to (13).
///
As a direct corollary, we get the desired characterizations of the pseudo stability operators (see below). As explained, we are only interested how the expansion change within the given temporal foliation -in particular, we only calculate the linearization of the temporal expansion map for the lapse function α of the temporal foliation. Furthermore, we replace the sign ± in the expansion map (8) for technical reasons by a factor b ∈ [−1 ; 1] -this means, we are concerning the expansion not only in null-direction, but also in the spacelike direction ν + b ϑ (b ∈ (−1 ; 1) 
in f ≡ 0 and the (signed ) temporal pseudo stability operator t0 L t ± defined as linearization of the temporal expansion map (9) in f ≡ 0, respectively. Suppressing the index t 0 , these are characterized by In particular, we note that the spatial (weighted) stability operators depends only on quantities of the initial data set t0 M (as to be suspected) while the temporal (signed) stability operator depends on the quantity G(ν, ν) and the lapse function α, i. e. on quantities of the Lorentzian manifold M and the temporal foliation (as to be suspected), respectively.
Existence of the CE-foliation and uniqueness of CE-spheres
In this section, we prove existince of a (unique) smooth sphere -asymptotically flat initial data set (M, g , x, k, J, , α) with sufficiently fast vanishing second fundamental form if some additional integral assumptions on k are satisfied. Here, ± denotes a (fixed) sign and we assume that σ is large enough (depending on the decay constants of the initial data set). Furthermore, we prove that these CE-spheres foliate M outside some compact set K. More precisely, we prove the following existence and uniqueness theorems. 
hold for every i, j, k ∈ {1, 2, 3} and R > R 0 for some R 0 > 0, then there exist a constant σ 0 = σ 0 (m, ε, c, R 0 ) and two C 1 -maps
2 ) has constant expansion We see that the integrals in (16) and the first one in (17) vanish asymptotically if k is asymptotically anti-symmetric, i. e. |k(x) + k(−x)| ≤ c /|x| 2+ε implies that the integral inequalities in (16) and the first one in (17) are satisfied for every c k > 0 (if R 0 = R 0 (c k , ε) is sufficiently large). In particular, these integrals vanish asymptotically if the Regge-Teitelboim conditions are satisfied, for more information about these conditions see for example [RT74, Hua09] . Equally, the second inequality in (17) vanishes asymptotically if the initial data set is asymptotically maximal, i. e. |H | ≤ c /|x| 2+ε . We prove in Proposition 3.15 that the last integral in (17) asymptotically corresponds to the linear momentum.
Remark 3.2 (Alternative assumptions). We can alter the assumptions in Theorem 3.1 on the second fundamental form k: if (16) 
J) and every t ∈ I.
We also get the corresponding uniqueness result. We see that these existence and uniqueness theorems imply the descriptive versions (Corollaries 1 and 2), if the second inequality in (17) holds under the assumptions made in these corollaries. We prove this in Proposition 3.15.
As explained in the introduction, Huisken-Yau proved that any asymptotically Schwarzschildean three-dimensional manifold can be foliated (near infinity) by hypersurfaces with constant mean curvature (CMC) and that these CMC-surfaces satisfy strong decay assumptions [HY96] . Later, this was generalized by Metzger, Huang, Eichmair-Metzger, and other assuming asymptotically flatness and different asymptotically symmetry conditions on the components g ij of the metric g [Met07, Hua10, EM12] .
11 The author proved that these results remain true for C Again, we note that the corresponding results were also proven by HuiskenYau, Metzger, Huang, Eichmair-Metzger, and others for the corresponding decay assumptions on g [HY96, Met07, Hua10, EM12].
We will use the following regularity result proven by the author in [Ner14a, Prop. 2.4] -we again note that a similiar result was proven by Metzger in the setting that the surrounding manifold (M, g ) is asymptotically equal to the (spatial) Schwarzschild solution. 
12 In particular, [DLM05, Thm 1.1] implies that there is a center point z ∈ R 3 and a function f ∈ C 2 (S 2 ; R) such that
From now on, we assume that the assumptions of Theorem 3.1 are satisfied, including (16) and (17) (for some c k which we will fix later). Now, we can rigorously define the interval I. 12 In fact, we get k
p for any p ∈ [1 ; ∞). 13 Note that σΦ can be chosen (at least) continuously differentiable as map from I × S 2 to M, but this will not matter in the following.
In particular, I is (for sufficiently large c and σ 0 ) non-empty as 0 ∈ I due to Theorem 3.5 and σ Φ(0, S 2 ) is a CMC-surface from Theorem 3.5. We note that σ Φ is a priori not uniquely defined, but its 'start value' σ Φ(0, S 2 ) is uniquely determined due to Theorem 3.6 -see Lemma 3.13 for uniqueness of Φ. Furthermore, I depends on the choice of σ 0 , c, and c z . In the following, we suppress this dependency and the index σ. Additionally, we will always assume that σ > σ 0 , where σ 0 = σ 0 (m, ε, c, c z , c) is assumed to be 'sufficiently' large. We will choose σ 0 , c, and c z after Lemma 3.13.
As explained in the introduction, we use the same proof structure as Metzger [Met07] , i. e. prove that I is open by using the implicit function theorem on the map
We note that b0 L b0 is the Fréchet derivative of this map in the second component at
If L ± is invertible, we can thus use the implicit function theorem to extend ψ to a neighborhood of I such that assumptions (I-1)-(I-4) are satisfied. Hence, we prove that this pseudo stability operator is invertible. This proof is analog to the one of [Ner14a, Lemma 2.5, Prop. 2.7], but we repeat it nevertheless for readers convenience. 
We note that we characterized the mass m by the limit of the Hawking masses of the Euclidean spheres S 2 R (0). This implies that the Hawking mass of a (sufficiently large) Euclidean sphere S 2 R (0) with respect to the surrounding metric g is nonvanishing. We see that this implies that any surfaces satisfying the assumptions of Proposition 3.7 (for sufficiently large σ) has non-vanishing Hawking mass. This is explained in more detail for example in [Ner14a, Appendix B].
Proof of Proposition 3.9. We suppress the index b ∈ I and write D for any constant as in the claim of the proposition. By Proposition 3.7, there exists a function f :
where we can assume that z is the Euclidean coordinate center defined by
and that it satisfies | z | ≤ c z σ + C σ 1−ε . In particular, the eigenvalues of the (negative) Laplace operator
and the corresponding orthogonal eigenfunctions f i satisfy
where X i ∈ R 3 is a constant vector field (depending on i ∈ {1, 2, 3} and σ) satisfying
By the Bochner-Lichnerowicz Formel, we know
where we used 2 Ric = S g as Σ is two-dimensional. Hence, we get by integration and integration by parts
Plugging in the (pointwise) assumption on k as well as H +b trk ≡ −2 /σ, we conclude using the Gauß equation
Thus, (22) and (23) imply
We know
due to the Gauß-Bonnet theorem, the Gauß equation, and the inequalities on k
• proven in Proposition 3.7. Comparing f i with its analog on the Euclidean sphere, we see
and we therefore get
where we used the last integral inequality in (16). By solving this inequality for λ i and keeping λ i ≈ 2 /σ 2 in mind, we see
and
Thus, (14) implies for i = j ∈ {1, 2, 3} ˆL
Now, we want to plug in the assumptions (16) and (17). But, they are formulated on the Euclidean coordinate spheres and the Euclidean normals xi /|x| instead of b Σ and f i . However, we can nevertheless use these assumptions: By Proposition 3.7 and using the decay assumptions on the derivative of k, the inequalities in (16) and (17) are also satisfied for Σ, D, and ν i instead of S 2 σ (0), c k , and xi /|x|, respectively. Furthermore, we can replace ν i by f i . To see this, we first note that in the model case (Σ, g ) = (S 2 , σ Ω), where σ Ω is the standard metric on the Euclidean sphere with radius σ, we could choose
2 ν i . By Proposition 3.7, this implies the comparability of
Using the first inequalities in (16 f ) and (17 f ), we get (18) for g = f i and h = f j with i = j ∈ {1, 2, 3}. By the corresponding calculation for i = j ∈ {1, 2, 3}, (18) holds for g = h = f i with i ∈ {1, 2, 3}. As it is sufficient to prove (18) for g = g t and h = h t , this proves (18) for every g, h ∈ L 2 (Σ). Furthermore, we know
and (21) therefore implies
In particular, (19) and (20) are true for any g ∈ H 2 (Σ) with g t = 0.
We get for every g ∈ H 2 (Σ) with g
, then the regularity of the Laplace operator implies
and therefore (20) is true for these functions, too. Thus, (20) is proven. Because L ± is an elliptic operator, this proves all claims of this proposition.
///
Using the implicit function theorem, we now deduce that ψ can be extended on a larger interval. Proof. Let b 0 ∈ I with |b 0 | < 1 and p > 2 be arbitrary and suppress the index
with respect to the second component in (b 0 , 0). In particular, this linearization is well-defined and invertible due to Proposition 3.9. By the implicit function theorem, there is a constant κ > 0 and a
and this map is unique within a neighborhood of 0 ∈ W 2,p (Σ). This implies that Φ can be C 1 -extended to I ∪ (b 0 − κ ; b 0 + κ) and is uniquely defined by b0 Φ. In particular, we conclude by the continuity of Φ that Φ is uniquely defined on I by Φ(0, ·).
Thus, I is open if the extension Ψ of Φ satisfies the regularity assumption (I-5) of Notation 3.8. Hence, it is sufficient to prove estimates for the derivatives of minb Σ |x| and | b Σ| in order to conclude that I is open. We will control the second of these derivatives by proving ψ is (in highest order) a pure shift and the first of these derivative by sufficiently bounding the derivative of this shift. m, ε, c, c) > 0, and C = C(m, ε, c, c, p) with c k0 > 0, c z 0 > 0 and σ 0 < 0 such that Proof. Per definition of u and Φ, we know for any
This derivative is well-defined on I by replacing Φ with its extension Ψ (see Lemma 3.13). We conclude (25)
due to Proposition 3.9. Suppressing the index b ∈ I, we define
where {f i } i∈N is a complete orthonormal system of L 2 (Σ) by eigenfunctions of the (negative) Laplace operator with corresponding eigenvalues λ i (λ i ≤ λ i+1 ). We recall that by Proposition 3.9
Thus, (25) implies ˆu
On the other hand, the identity (14) for L ± and L ± u = trk lead tô
Taking all together, the (asymptotic) characterization (22) of ∇f i and ∇u t implies
.
Thus, (24) is satisfied due to the first inequality in (16 f ) and the third inequality in (17 f ). Finally, we see that ∂ b Φ = u ν and the above regularity of u imply that Φ is continuously differentiable as map from I × S 2 to M.
As explained above, we can now control the derivatives of the minimal distance from the origin minb Σ |x| and the area | b Σ|. 
Proof. The first inequality holds due to the inequalities (24) of u. Further, it is well-known that
In particular, the inequalities (24) of u and u
Thus, the second inequality holds, too. 
As 0 c z = 0 due to Theorem 3.5 14 , we can therefore assume 14 If we look at the alternative assumptions mentioned between the Definitions 1.4 and 1.6, we can choose 0 c z > 0 arbitrary small (depending on σ 0 but not on σ > σ 0 ). This is also sufficient for this argument.
Proof. By the regularity of the lapse function u due to (24) and the regularity of the unit normal -due to the definition of the second fundamental form and Proposition 3.7 -we conclude that x • Φ ∈ C 0,1 (I; C 1 (S 2 ; R 3 )), i. e. this map is Lipschitz continuous on I with values in
Thus, we can extend Φ continuously to a map Ψ on the closed interval J . .= closure(I), i. e. x • Ψ ∈ C 0,1 (J; C 1 (S 2 ; R 3 )). Let us assume that b Σ . .= Φ(b, S 2 ) ∈ A ε,ε (c z , c) for every b ∈ J and the constants c z and c from Lemma 3.13 -we prove this later. Proposition 3.9 ensures in this case that the pseudo stability operator b0 L b0 on b0 Σ is invertible. The same argument as in Lemma 3.10 and the uniqueness of Φ (again due to Lemma 3.10) ensures that Ψ is in fact not only Lipschitz continuously but continuously differentiable, i. e. x • C 1 (J; C 1 (S 2 ; R 3 )). The maximality of I ensures that Φ = Ψ, thus I = closure(I), i. e. I is closed.
Left to prove is b Σ ∈ A ε,ε (c z , c), where c z and c are as in Lemma 3.13. This is a direct implication of Allard's compactness theorem [All72] . However, we give a more elementary proof for the readers convenience:
b Σ . .= Ψ(b, S 2 ) is a C 1 -submanifold of M due to the continuity of Ψ and therefore, the metric g induced a well-defined metric To prove that the CE-surfaces foliate the space, we will need to control the (ADM-)linear momentum. Note that we can apply this proposition to every C -asymptotically flat initial data set with C 0 2 -asymptotically vanishing second fundamental form. Proof. First, we note that for every R ≥ R > R 0
where we used the Gauß theorem and where µ denotes the three-dimensional volume measure with respect to g . In particular, the linear momentum P is well-defined and | P − R P | ≤ C /R ε . We see that for every R ≥ R > R 0 ///
